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Introduction

[0 In this chapter we consider the forward and inverse
kinematics for serial link manipulators.

[1 Kinematics describes the motion of the manipulator
without consideration of the forces and torques causing
the motion.

[0 Forward kinematics:
B joint variables -> position and orientation of the end-effector

[0 Inverse kinematics:
B position and orientation of the end-effector -> joint variables




Figure 3.1: A Coordinate Frame is
attached rigidly to each link
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Three-link cylindrical manipulator
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Three-link cylindrical manipulator
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Procedure Based On The D-H Convention

Step 1: Loecate and label the joint axes z5.....2,-1.

Step 2: Establish the base frame. Set the origin anywhere on the zg-axis.
The xg and yp axes are chosen conveniently to form a right-hand frame.

Fori=1,....n— 1, perform Steps 3 to 5.

Step 3: Locate the origin O, where the common normal to 2z; and 2z;_4
intersects z;. If 2; intersects z;_; locate O, at this intersection. If z;
and z;_1 are parallel, locate OJ; in any convenient position along z;.

Step 4: Establish x; along the common normal between z;—1 and z; through
0., or in the direction normal to the z;_; — 2z; plane if z;_; and z;

intersect.

Step 5: Establish y; to complete a richt-hand frame.



Step 6: Establish the end-effector frame oprnynzn. Assuming the n-th joint
is revolute, set z, = a along the direction z,,_;. Establish the origin
()., conveniently along z,,, preferably at the center of the gripper or at
the tip of any tool that the manipulator may be carryving. Set y,, = s
in the direction of the gripper closure and set x, = n as s x a. If
the tool is not a simple gripper set =, and y,, conveniently to form a
right-hand frame.

Step T: Create a table of link parameters a;, d;, «a;. #;.

a; = distance along z; from O, to the intersection of the x; and z_4
axes.

d; = distance along z;_1 from O,_; to the intersection of the z; and
z;_1 axes. d; is variable if joint 7 1s prismatic.

a; = the angle between z;_; and z; measured about x; (see Figure
3.3).

f#; = the angle between x; 1 and 2; measured about z;_1 (see Figure
3.3). 6; is variable if joint i is revolute.
Step 8: Form the homogeneons transformation matrices A; by substituting
the above parameters into (3.10).
Step 9: Form T = Ay --- A,. This then gives the position and orientation
of the tool frame expressed in base coordinates.



Ambiguities in defining DH frames

frame, : origin and X, axis are arbitrary

frame,, . z,, axis is not specified (but x,, must be orthogonal to and
intersect z_,)

positive direction of z_; (up/down on joint i) is arbitrary
= choose one, and try to avoid “flipping over” to the next one
positive direction of x; (on axis of link i) is arbitrary

= we often take x, = z_, x z when successive joint axes are incident
= when natural, we follow the direction “from base to tip”

if z_; and z are paralle/: common normal not uniquely defined
= O, is chosen arbitrarily along z;, but try to "zero out” parameters
if z_y and z are coincident: normal x; axis may be chosen at will
= again, we try to use "simple” constant angles (0, /2)
= this case may occur only if the two joints are of different kind (P & R)



Spherical Wrist




Spherical Wrist
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Euler Angle Representation
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Euler Angle Representation
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Cylindrical Manipulator with Spherical Wrist
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Stanford Manipulator

[0 This manipulator is an example of a spherical (RRP)
manipulator with a spherical wrist.
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DH parameters for Stanford Manipulator
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SCARA Manipulator
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DH parameters for SCARA
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forward kinematic equations
Ay Ay

Ty

C12C4 + 81984 —ci984 + S92 0 aqey + aacys

S12€4 — C1284 —S1284 —c1acy 0 ag8) +assyo
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INVERSE KINEMATICS

Stanford Manipulator With A Spherical Wrist
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0 1 0 —0.154
0 0 1 0.763
H = 1 0 0 0
0 0 0 1
I - -

To find the corresponding joint variables 6. 05, ds. 84, 05. and 8g we must solve
the following simultancous set of nonlinear trigonometric equations:

c1lcal(cacseg — s486) — S2s5c6] — s1(sac506 +cg86) = 0
s1|cal(cacscg — s486) — Sas5ce] + c1(sac506 + c486) = 0
—so(cqc5c6 — Su86) — Casscg = 1
01[—02(046586 + sacp) + 828586] — s1(—s4c586 + cqc6) = 1
s1|—co(cycssg + sac6) + s98586] + c1(—s40556 +cacg) = 0
so(cacs86 + Sacg) + 28556 = 0
c1(cacyss + sac5) — s15485 = 0
s1(cocass + sgc5) + 18485 = 1
—SocaSy +cocy = 0

c182d3 — s1da + dg(c1ca0485 + c10582 — s18455) = —0.154

s189d3 + c1do + dg(c18485 + caca8185 + c5s182) =  0.763

cods + dg(cacs — ca8285) = 0



If the values of the nonzero DH parameters are do = 0.154 and dg = 0.263,

one solution to this set of equations is given by:
|

91 :W/Q_,

92 :’;T/Q:_

DH parameters
for Stanford

Manipulator
| Link | d; | a; | oy | 0;
1 0 0| —90 | &~
2 do | O | +90 | 67
3 d* | 0 0 0
4 0 0| -9 | &
H 0 0 [ +90 | 67
0 deg | 0 0 o~

c1[ca(cacsce — s456) — sasses| — s1(s40506 + C456)
s1|ca(cycsce — s486) — Sasscg| + c1(s40506 + €456)
—so(C4c5Cce — S486) — C255CE

c1[—ca(cacss + s4c6) + sassse| — s1(—sac556 + C406)
s1|—ca(cycss6 + s406) + s25586] + c1(—s4C556 + C406)
So(cacs86 + S4Cg) + o85S

c1(cocyss + s2c5) — S15455

s1(cacass + sacg) + 18485

—89C485 + €205

c1852d3 — s1do + dg(c1020485 + 10552 — $15455)
s189ds + c1da + dg(c18485 + oy 8155 + C58152)

cods + dg(cocs — c45255)

dg — 0.5; 94 — 'I’T/Q:_ 95 — U '96

/2
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0



Kinematic Decoupling
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Inverse Position: A Geometric Approach
Articulated Configuration
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Inverse Position: A Geometric Approach
Articulated Configuration

Yo

A

s Ye -

Yo

In

Elbow manipulator | . 7 | -

Projection of the wrist center onto
x0 — yO0 plane

01 = atan2(z.,y.) 8y, = =+ atan2(z., y.)




Atan vs Atan2

[0 Atan

B Returns the principal value of the arc
tangent of x, expressed in radians.

® Notice that because of the sign
ambiguity, the function cannot
determine with certainty in which
qguadrant the angle falls only by its
tangent value.

B Principal arc tangent of x, in the
interval [-pi/2,+pi/2] radians.
[0 Atan2
B Returns the principal value of the arc
tangent of y/x, expressed in radians.

B To compute the value, the function
takes into account the sign of both
arguments in order to determine the

~—quadrant. ]

B Principal arc tangent of y/x, in the
interval [-pi,+pi] radians.

atan2(y,x) = 4

(arctan(¥) x>0
'r!t'l."T-E“'l[_%] 47 y =10,
arctan{¥) — 7 y <0,
5 y =0,

| undefined y=0,

AY
T2
[ |
1! 0 x
e -
|1 1V
-T2
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Why 61 has two solutions?

¢, = atan2(z., y.) 0y, = w4+ atan2(z.,y.)
4° 2 2 _ .9 ] :
P:+ P/ =r r—_%/Pf—I—PIf
" If r>0
d \ P, rSin®
- ?u = rC .@ = Tan® , © = atan2(P,, P,)
. rCos
Py y Solution is (7, ©)
=

If r<O
© = atan2(—F,, —F,)
Solution is (—7,© + 180))
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v 1 = (.;'{i — Y

atan2(z., y.)

atan?2 (\/ r2 —d2, d)

atan2 (\/12 + y2 — d?, d)
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Law of Cosines

cosfly = =ty —af—a% — D
2001 (vo
hs = cos (D)
sin(f2) = =+ 1— D?
V1= D?
fo = tan

D

(vo S1n 6
tan~(y/x) — tan™?! ( 2 = )

(Y1 + (v COS 92



Projecting onto the plane formed by links 2 and 3

4 =0 r?+ 8% — a2 — a3
cosfly = 2 3
° 2asas
T _ 22 4 y? —d? + (2. —d1)? — a2 — a? —D
j 2(13{13 )
(g - | £ d :
; 1%‘ 5'3 e B r? = ;ri — yf —d? and s = ze — dq
2 e §; — atan? (D? +/1- DE)
. : I -
P 0, = atan2(r,s) — atan2(ay + ascs, a3ss)

= atan?2 (\/TE +y?2 —d? z, — fil) — atan2(ay + ascs, a3ssg)




O An example of an elbow manipulator with offsets is the PUMA
[0 There are four solutions to the inverse position kinematics as shown.

[0 The two solutions for 83 correspond to the elbow-up position and elbow-
down position, respectively

LEFT and ABOVE Arm RIGHT and ABOVE Arm

LEFT and BELOW Arm RIGHT and BELOW Arm



Spherical Configuration

[0 We next solve the inverse position kinematics for a three degree of
freedom spherical manipulator

A <0 0
1 p—
B - U3
—— —— Ea—
S S e b =
| 52 II___‘IL_‘IL’__.-' ___"-——?"':"L—"
|
| l
; I la =
oy I | g 3
[_1 i : Ye
T T ra—
— ] ’
Yo
s, R DH parameters

th 4
T~ : Link | a; | a; | d; | 0,

T, 1 0 |90 | dy | ]
725 2 az | 0 0 | #5
iy 3 ag | 0 | 63




Spherical Configuration

|
[0 We next solve the inverse position kinematics for a three degree of

freedom spherical manipulator 0, = atan2(we. ye)
A 20 D
61 = 7™+ atan2(wxe, ye)
P - dy - -
ke _‘i;;;a'-‘f-'__*'_'_'-"'-"l—--_*______j:’fj;&j: B 6o = atan2(r,s)
R A 2 _ 2 .2
T | It =TT Y,
._ |
s =2z,—d
P " r : 5 c l
R - Yo
T Z
, ds = \/12 + 52
[
F o = Va2 +y2 + (2, — dy)?



SCARA Manipulator
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7
forward kinematic equations y4{ >
e | 1
T0 — A, ..., Y
4 4-1 4-4 23, 24

1904 + 51984 —C19854 + S12C4 0 @11 + aAacy9

812C4 — C1284 —81284 — C192C4 0 (l181 + d2819
0 () —1 —ilg — dy
0 0 0 1




SCARA Manipulator

[0 We first note that, since the SCARA has only four degrees-of-freedom, not
every possible H from SE(3) allows a solution.

m0 R o
o= |07

i C12C4 T S1254 S512C4 — C1254 0 a1C1 -+ a9C19 |
B 512C4 — €C1254 —C12C4 — 51254 0 (1151 + A2512
o U 0 —l —(17.3 — {'21-4
i 0 0 0 1 |
[0 In fact we can easily see that there is no solution unless R is of the form
[ o Sa 0 |
R = Soy —Co 0
0 0 -1

O

if this is the case

0y +6y — 04y = = 3-&“1-112('!'11. 'f'lg)




O Projecting the manipulator configuration onto the x0 —y0 plane
immediately yields the situation of Figure. We see from this that

p = atan2 (cz_iM)

Ye

Y

Yo

#1 = atan2(og.,o0y) — atan2(ay + asca, azs2)
64 — 91 T 92 — (¥

— 91 T 92 — atanQ(-rll. '."12) (Z3 = Oz T d4



